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Abstract
The effects of three gyroless rotor feedback systems - coning
feedback, proportional tilting feedback and a combination of these
on the rotor-body dynamics of hingeless rotorcraft are studied
with a simplified analytical model in the advance ratio range from
0 to .8. Combinations of feedback phase angles and control phase
angles are selected to minimize control cross coupling and control
sensitivity changes between low and high speed flight. For the
feedback systems thus selected the effects of feedback gain and
centrol actuator time lag on the stability both with fixed hub
and in free flight is studied, whereby the rotorcraft is free in
pitch, roll and vertical motion but otherwise restrained. For
the free flight conditions the effects of a horizontal tail are

also determined in itself and in combination with the rotor



feedback systems. Finally random responses to atmospheric tur-
bulence are determined for the various configurations within

the range of stable behavior. The survey was made with two
hingeless rotors: a three bladed rotor with uniform mass and
stiffness blades having a first flap-bending frequency of 1l.21,
and a three bladed rotor with tapered in thickness blades having
a first flap bending fregquency of 1.47. 1In both cases gyroless
rotor feedback systems could be determined which in combination
with a small horizont&l tail removed.control cross-coupling,
control oversensitivity, pitch divergence and gust oversensitivity
up to .8 rotor advance ratioc. Because of the various simpli-
fications in the analytical model the results represent mainly

a trend study. Reliable absolute characteristics would require

more sophistication in the analytical model.
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Nomenclature

a Lift slope

b Number of bhlades per votor

c Blade chord

Cij or C ‘ Aerodynamic blade damping coefficient
D : Drag force

g Acceleration of gravity

h Distance hub-aircraft c.g.

I Moment of inertia

Kij or K Aerodynamic blade stiffness coefficient
Kp » Ky | Proportional and coning feedback gains
L Rolling moment, or lift force

M Pitching moment

Aircraft mass, or blade mass per
m anit length, or aerodynamic
blade moment

mpy Total blade mass

P First matural blade frequency

p Rolling velocity, positive right
q Pitching velocity, positive up

R Rotor radius

r Yawing velocity, positive right
s Massrmoment

t Time

U or u ‘ Forward velocity

Ugp Tangential velocity



¥ or v

W or w

o1

arr

Normal velocity

Velocity to vright

Downward velocity
Hon-dimensional radiai distance
Force in forwapd dirvection
Forae to right

Force in dewnward direction

Pitching angular deflection,
positive down

Felling angular deflection,
positive left

RBlade flapping angle for flexible
bilade defined by straight line
through tip

Forward rotor tilting angle

Left rotor tilting angle

Control phase angle, or roll
attitude earth fixed

Blade inflow angle

Azimuth angle, or yaw angle earth
fixed

Rigid blade Lock number

Model Lock number, first mode
Forward control input

Left econtrol input

Collective control input
Inflow ratio, positive up
Advance ratio

Rotor angular speed



w Non-dimensional frequency

p Air density

g Standard deviation, or blade solidity
T Control actuator time constant

8 Blade pitch angle, or aircraft

attitude angle, earth fixed

8, Blade linear twist

8; = -8g Forward cyeclic pitch

011 = 8¢ Left cyclic pitch

n. First blade flap-bending mode

with unit tip deflection

§ Real pébt of characteristic value

Superscripts

. d-+/dt
- Space-fixed reference system
' de-/dx
Subscripts

b Blade
ﬁ Hub or rotor
k . kth blade

Xy 2 Referring to x,y,z body axes

(forward, right, down)
u,v,w,p,q,r,BI,BII,uI,aII Derivatives
o Mean value for all blades

Integration

® Indicates that integration limits
f depend en flow region

Note: The same symbols are used also for non-dimensional quan-
tities for which unit length = R, unit velocity = 2R, unit
force = mRQZ, unit moments about X,¥,2 axes: @ Ix,ﬂzly,ﬂzIz



Introduction

Reference 1 dealt with flap bending corrections to the
rigid blade analysis of lifting rotors and came to the con-
clusion that except for very high advance ratios hub moments
and stability characterisfics of hingeless rotors can be computed
with reasonable approximation if only the first rotating flap
bending mode is considered. This result is in essential agree-
ment with Reference 2 which, however, indicates that at low blade
flap frequencies increasing effects of the second flap bending
modes beyond rotor advance ratios of .5 occur. Reference 2 uses
an expansion of the blade deflection in terms of non-rotating
natural modes. Hhén using rotating modes as in Reference 1 the
effects of second and higher modes are less important. Thé con-
clusions of References 1 and 2 are in contradiction to those of
Reference 3, where rotating natural modes were used. Reference
3 shows even at the advance ratio of .5 very large second éqde
effects on the blade response to cyclic pitch as expressed by
the trlm values, particularly for 6° twisted blades. The work
reported in fhe following section was directed toward finding
an explanation for this discrepancy. This effort was successful
and confirmed‘the findings of References 1 and 2 that at .5
advance ratio hingeless rotor hub moments can be approximately
determined with a single elastic flap bending mode analysis.

The result peftains to a linear analysis including reversed flow
effects and m&derate blade twist. The result may not be valid

for non-linear high 1ift stall conditions and for highly twisted



blades. Alsc the second flap-bending mode becomes increasingly
important for rotor advance ratios beyond 1.0. For conventional
advance ratios up to .4 References 2 and 4 show that even the
rigid blade analysis with an equivalent hinge off-set gives ap-
proximate hub moments and can therefore be used in the flight
dynamics of hingeless rotorcraft. In the rotor-bedy dynamics
studied in this report the .4 rotor advance ratio cases have
been computed with the rigid blade model, while the .8 rotor ad-
vance ratio cases used elastic flap-bending of the blades using
the first mode only.

The purpose of the rotor-body dynamics study is to shed some
light on the guestion of how to best overcome the disadvantages of
hingeless rotor craft with respect to control and stability
characteristics at high rotor advance ratio. Hingeless rotor-
craft, on which much interest has been recently focused because
of their expected better maintainability, have good handling
qualities at low advance ratio. As compared to articulated
rotorcraft the response to eyelic pitch input occurs with a much
shorter time delay, the pitch and roll damping values are much
higher, so-ié the control power which alleows a larger center of
gravity travel of the aircraft. However, the handling gqualities
of hingeleés rotorcraft deteriorate with increasing advance ratio.
The longitudipal control sensitivity increases substantialiy,
control cross coupling effects occur, pitch-up divergence develops
which increaseé with ;dvance ratic and the rotorcraft becomes

incpeasingly gust sensitive. All of these trends take place also



in articulated rotorcraft with off-set ﬁinges, only to a lesser
degree. Becéuse of its high control pb#ér‘anﬁ unfavorable
handling qualities at high advance vati&htﬁﬁ hingeless rotor-
craft is a good candidate for a fly-by-wire control system with
full autﬁority feedback controls. Theoretically one need not
measure rotor states but §nly'some of the body state variables
like rates of'pitch, roll and yaw. The remaining state variables
can be estimated with the help of En-on_board computer and then
used as inputs to a feedbaéi system optimized with respect to

a ceftéin quadratic perfogﬁ;ncéwindsx which could include dynamic
loads and handling quélifies} Quite apart from the fact that
such a system propozsed for example in ﬂeference §, will remain
beyond the state of the art for some time, it has a basic defect
since it assumés that fhe parameters of the rotor-bedy dynamic
system are known. TFor a rotorcraft these parameters are nof

only time varying but they also depend on the state, since ¥he
system is noﬁ—linear, and they are oﬁly incompletely known.r
Pending the s&lution of these difficulties.and the acceptance of
full authoritf/vqal time gomputer controlled fly-by-wire systems,
there ar§ fﬁo'ways of solving the problem. The'first way is teo
use an ianer ioop multiple channel electronic (or fluidic) feed-
back system, possibly with inputs from rotor states, but
othe;ﬁé;; similar to presént ASE systems. In case of failure of
one cﬁannel tﬁé pilot would reduce speed to a level where he

could safely revert to the mechanical back up controls in case of

a complete failure of the electronic system. Such a system is



_described in Reference 6. The second way is to use an integrated
mechanical rotor feedback system with the safety features of the
primary controls. This approach was taken for the various
Lockheed helicopter prototypes. The original Lockheed feedback
control systeﬁ suffered from spurioﬁs feedbacks from blade torsion
and blade edgewise motions and has been reflaced by one with pure
blade flapping feedback described and ana;ysed in Reference 7.
The QYStem is rather complex since it uses a freely floating
spring restrained and damped gyroscope. ‘The system, though quite
effeétive in alleviating a step gust, is not very effective in
reducing dynamic rotor loads from afmospheric turbulance.

In the following a number of gyroless rotor feedback éystems
are studied with respect to thejr éffects on control sensitivity,
control crpss-coupling; stability with fixed hub, stabilif§ of
the rotor—body system and atmospheric turbulence response. It
is assumed that the feedback makes use of the blade root flap
bending deflections as direct inputs to the hydraulic control
actuitors which respond with a fipst order time lag. If the
control systém abeve the actuafors is sufficiently flexible, a
purely structural feedback of flap«bending and lag-bending
deflections ihto blade pitch is possible and has been studied in
References b énd 8. These structural feedbacks are limited in
their potgntial effects by the usual requirement of a stiff con-
trol system,' They nevertheless can considerably improve the
handling cha;acteristics of hingeless rotorcraft at moﬁerate
 rotor advance ratios. For ﬁigher advance ratios feedbacks to

the input sidé of the control actuators are needed.



Since equations for the rotor-boedy dynamics have not been
published to date - though most of the helicopter manufacturers
have developed such analytical models - the equations are first
presented for the general non-linear case and subsequently
linearized. The equations include reversed flow effects but they
do net include dynamic inflow, stall or large angle effects.

The equations also do not include edgewise or torsiomal blade
flexibility, though some of the rotor feedback systems studied
could be approximated by elastic and inertial couplings betwsen
flap-bending and blade pitch to which a steady edgewise blade
deflection can contribute. From studies like Reference 6 it
appears that rotor feedback systems using blade flapping as inputs
are not substantially affected by the edgewise blade dynamics,
unless edgewise moments couple with the rotor controls as was

the case for the original Lockheed gyre control system.

The rotor feedback systems are first screened with respect
to minimizing control cross coupling and longitudinal control
sensitivity changes. Those which result in low cross coupling
and low control sensitivity changes over the flight range from
0 to .8 advance ratic are then further studied with respect to
fixed hub stability limits and free body stability limits, at
.4 and .8 advance ratiec whereby linear longitudinal and léteral and
angular yaw motions were restrained to concentrate on the problem
of pitch-proll divergence. The numerical examples refer to a
winged helicopter with twe types of blades: a relativeiy soft

constant thickness blade with first flap-bending frequency of 1.21,



and a stiff tapered thickness blade with a flap-bending frequency
of 1,47, The effects of varying gain factors and actuator time
constants are studied for three feedback systems. For some of
the configurations responses to*atmospheric turbulence are de-
termined for an advance ratio of .8.

It should be noted thét even the softer of the two hinge-
less rotor configurations studied herein with a flap-bending
frequency of 1.21 is relatively stiff as compared to current
hingeless rotors which vary.in blade flap bending frequency
from 1.06 to 1.12. The designs with stiffer blades are
structurally easier to handle and alleviate the large edgewise
blade bending ﬁomepts from.inertial forces inherent in
hingeless rotor types, However, thé‘detrimental flying
qualities at high,advance ratic are getting worse with increasing
flap-bending étiffness and the need for rotar feedback systems
becomes more ﬁrgent. Since we are here interested in the
rotor-body dynamics as affected by rotor feedback systems, a
highér blade flap bending stiffness than currently used has

been assumed for the constant thickness blade.



Effects of Couplig&_&etween Blade Flap~-Bending Modes
R The problem of explaining the discrepancies between Referances
1 and 2 on the one side and Reference 3 on the cother side has
been briefly treated in Reference 9, Here a somewhat more de-
tailed discussion will be given.
The equations of blaﬁe flap bending_as.derived in Reference

1l are
-l - 2
(l/Yi)Bi + (1/2) Z ciJBj + (l/yi)wisi + (1/2) E ,Ki‘jaj
3 : i
= (1/2)(A + 0 + 81y, (1)
| (L/2) 0wy, * 8y, + O1¥g, )
In the rotor analysis of Reference 3 the coupling terms between

1)
cussion following the presentation of Reference 9 some surprise

the modes, C.., Kij for 1 # j were neglected., During the dis-

was expressed that normal mode equations could be coupled. In

fact, the normal modes used refer g@*an operating condition of

i
1

the rotor in vacuum without any airioads. One could establish
the normal modes including linear agrodynamics. In this case
mode’s and eigenvalues would be comp;gg v;lued, but the generalized
coordinate equations would be uncouéi;d. Instead, we followed
the usual praétice of using genera;iﬁﬁd coordinates for real
normal modes and eigenvalues only ;géiized in vacuum, but then
the equations for the normal coordinates B; become coupled by
aerodynamic terms cij and Kigo i #-f:ﬁ

Fig. 1, which is reproduced froﬁSfig. 3 of Reference 3,
shows the 1on§itudinal pitch requiredﬁéo trim a constﬁnt pitching

moment vs. advance ratio u for an unloéded rotor with blade



Lock number vy = 12 and blade first flapwisg frequency of wy = 1.21.
Without blade twist Fig. 1 -shows a small cﬁgnge in trim when the
second mode is added. With a 1inear‘b1ade tﬁist of 8, = -.1
radius, there is a substantiél second mode effect and increased
aft stick deflection is req?ired to trim the rotor. In o;der to
examine the effect 6f the coupling between the modes on moment
derivatives and trim conditions, a four bladed unloaded rotor
with Lo;k'number Yy =12, w; = 1,21, Wwo = 4,33 is selected. Bladé
"mass and stiffness distributions are uniform. The characteristics
-of the selected rotor are quite siﬁilar to those used for Fig. 1.
Since in Reference 3 the modified,Loék number y#* is used to
account for the effect of first harmonic induced velocity varia-
tions we have-

y* = y/{(1 + ao/Bu) = 10.26 (2)

for u =z .5 and ac = .68.

The methods ABC refer to:

A 'single mode analysis
B’ ~ two mode analysis including intermode coupling
c two mede analysis for K21=K12=012= 0

Table 1 shows_the hub moment responses to inputs of unit cyclie
ﬁitch, collecfive pitch, inflow and blade linear twist. There is
not much difference between the results of methoﬁs A and B, how-
eﬁer there are substantial differepces between the results of
methods B and:C, particularly for the rolling response to 8. which
changes from -.0169 to -.0184% when omitting the intermoﬁal

coupling terms.



Table 2 shows the cyclic and collective pitch reguired to
balance a 10,000 ft-1b nose down hub pitching moment at u = .5,
which is the case assumed in Reference 3.shown in Fig. 1. With
untwisted blades, the values of ﬂs, 8o &, required for trim are
nearly the same for all three methods. Whén blades are linearly
twisted with 8; = -.1, the variation between the results of’
mefhods'A'and B remains small,,ho#avér the neglect of the
coupling terms for method C ncw_has a substantial effect. The
longitudinal'cyclic‘pitch for trim changes from B85 = .0306 to
+0u60 ﬁhich is a 50% increase. By looking into the computational
details, one finds that this large difference in trim is mainly
caused by the.above méntioned'rolliﬂg moment derivative with
lateral control which changes from -.0189 to -.0184, This error
is greatly amplified in the trim analysis due to taking small
differences of large numbers. Tables lran& 2 indicate that the
large secﬁnd‘ﬁlade flapping mode effect found in Reference 3
for the case of Fig. 1 is caused by-omitting the intermocde
coupiing terms. The omission of these coupling terms canr cause
‘larger errors than the omisgidn of the entiré second mode.

In order to show that indeed tﬁé ocmission of the second
blade flap-berding mode has almost ﬁo effect on the stabilify
margins, the same rotor"assumed for Tables i and 2, except for
¥y = 5 and thrée blades was studied ﬁith respect to its charac-_
teristic valués at advance ratio .8 when the gain of a lagged
hub moment feedback control Ky was varied. Fig., 2 shows the

results of the stability analysis except far the high frequency
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characteristic values due to the second flap-bending mode which
remains quite stable over the selected range of feedback gains.
The singlé mode moment balance method is explained in Reference
1, alsc the mode shape factor «x. It is seen that all three
methods agree very well with each other so that the single mode
anélysis, even in its simplified form, is Qery adequate for the
rotor configuration indicated in Fig. 2. Examples of stability
chéracteristics with the gsame rotor féedback sﬁstem and comparing
the same 3 methods for a much stiffer blade with tapered thickness
are given in Reference 9 with the result that the single mode
analysis is:very good for u = .8 but leads %o small.errofs for

p = l.6.
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Non-Linear Rotor-Body Dynamics

As a first approximaticn to Retorcraft flight dynamics one
can use an approach which has been widély applied for rotorcraft.
In this approach the effect of the rotor on the body is described
by a 8 x 6 derivative matrix. If the rotorcraft is symmetrical
with respect to the plane through longitudinal and vertical
axis and if the origin of the body fixed reference system X,y,Z
is in the center of gravity of the aircraft, the equations of

motion are:

u - vr + wq I - g sin & + X/m

v - wp + ur = g sin ¢ cos 8 + Y/m

W -uq+ vp = g cos ¢ cos & + Z/m

B+ rall, - I))/Ty = (pq + #)Iyz/1, = L/Iy

§4prlIyx - 1,0/, - (02 = pDL /Ty = W1, (3)
r o+ pqlly - I)/I, - (p - rql)Iyz/1, = K/I,

& =p + (r cos ¢ + q sin ¢)tan @

e
n

q cos ¢ - r sin ¢

i = (r cos ¢ + q sin ¢)/cos @

Here the positive body axes x,y,z are forward, right, down
respectively, Positive linear velocities u,v,w are in the di-
rections of the positive body axes xX,y,z. Positive angular
velocities p,é,r are clockwise seen in the positive x,y,z direc-
tions. The only off-diageonal non-zere term of the inertial tensor‘
is I,,. The attitude angles ¢,0,¢ are taken with respect to earth

fixed axes. If the location of the hub center with respecf to



the aircraft c.g. is defined by h,, h,, the rotor contributions

to X,¥,Z2,L.,¥,N are, according to the derivative concept, given by
Xp = Xpo + Xpu¥p * XpyVp + XpWp f X Pt Xpgd + Xp,r (%)
and corresponding equations for Yp and Zy.

L

h LhO + thhO + (I"hu + thhU)uh + (th + thhV)Vh

(Lhy * Pp¥pg)¥h + (Lpg + b Yppdp (5)

-+

+ (th -+ nthq)q "' (Lh-r. + thhr)r‘
and corresponding equations of Mh'and Ny, .

Thus the rotor behavior is described by the 36 derivatives of

the hub forces and moments with respecf to th? linear and angular
velocities. 1Im addition coptrgl derivatives and feedback effects
must be included. For articulated rotors with small hinge
off-set the hub moments are small as compared to the moments of
thé hub forces about the e¢.g. Foar hingeless rotors the opposite
iz true, the more so the stiffer the blades.

The derivative approach to rotorcraft flight mechanics
assumes that the rotor instantaneously adjusts to changes-in
linear or angular velocities or to changes in control positions.
While the slow fiight dynamics modes like the phugoiﬁ oy dutcﬁ
roll modes are described well by the derivative approach,
the short period modes may be in error. .Very little has been
published from wﬁich the magnitude of this error could be bb:
tained as a function of the basic rotor design parameters. |

Reference 10 shows that the inclusion @f 3 rotor degrees of



1y

frqedomlprodgces 4 pronounced short period response of the rotor-
¢raft which is absent in the conventioga}_s x 6 derivative ana-
;ytical model, This result refers to an apticulated rotor. with
6ff—se; hinges. Whether or not fer hiﬁgeless rotors the effect
of the rotor deg?ees of fregdbm will bg smaller or iapger is
hct khowp, It may be alsgo pOSSible,.té substantially imgrove
the derivative approach by us;ng a first order filter for the
'rotor response te angular pltchlng or rolling veloc1ties or to
cyclic control xnputs. Pend;ng the accumUlation of more
e*perience vith the effects of rotor modgs, 1t is prudent to
includg at least the flrst cyclic and collect;ve flap bendlng
‘mpdes in a flzght dynamics analysis, particqlarly if h;gh gain
rotor feedbaqk systems are to be studied, winich is thg‘qppnoach
takeb'ih~this ﬁeport.

Hhen formu+at1ng rotor-bedy dynamlcs in a body- fixed
referance system which is negessary fqr flight dynamics purposes,
npmerous add;thnal terms occur. There are also inflow terms
;nvolved whigh are by no means fully known at present. Iﬁ a
fxrsttapproximation, following Reference 3, the dynam;c inflow
effects ¢an gg traqted by reducing the blade inertia number
Thq followlng results refer to a rptor analytieal model with
s;yaight b;ades flexibly hznged at the notor center, The hub is
aasumed to perform lln?ar veloc;t;gs and acceleratlons in all
three. diractions and pltching and rollzng velocities and accel-
eraﬁ;ons. Gravltational effects are. omitted. The first of the

fqllouing equgtions is for a blade in a rotating reference systam
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attached to a moving and accelerated hub. The following equa-
tions are for the rotor moments and forces. The inflow A may

be varying with radius and with azimuth.

Flapping Equation

{(E + P2 B) - ﬁ(pcos¢~qsin$)2+2Q(qsin¢~chs¢)
1
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. © »
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it o
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Pitching Moment From Rotox
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Rolling Moment From Rotor
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7 Force From Rotor
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The preceding equations are all dimensional. For the applica-
tions they must be non-dimensionalized. Depending on the
flight condition - cuvved flight or straight flight - different
linearizations of these equations must be made. In the fol-

lowing section the straight flight condition is treated.



Linearized Rotor-Body Dynamics

We will assume that the aircrafr performs a uniform for-
ward motion and is restrained in yaw and side motion. The air-
craft is, however, free to pitch and roll and to move vertically.
Thus we have added the roll metion to the usual longitudinal
flight dynamics since fbr hingeless rotors pitch and roll'are
'strongly coupled, Phugoid and dutch roll cannot occur with
fhe assumed restraint. The main purpeose of the analysis i§‘to
obtain information on pitch divefgence which is one of the
flight dynamic problems of hingeless fotors. The inclusion of
roll should considerably improve the data on piteh divergéhée
as compared to a purely longitudinal type aof motion, sincg fhe
rotor is represented by advaneing,‘regressing and coning éodés.
Raetor waye effects are not included and can be assumed to be
covered by an "equivalent Lock'number" for the asymmetrigc wake
and by an "equivalent coning feedback” for the symmetrical wéke.
~The fuselage is assumed to carry a fixed wing and a horizontai
tail Surface. The wing contributes to vertical and roll damping;
Comparisons with configurations without wing - not shown ip’
this report - have congistently resulféd'in slight;y leés stable
conditicns than with the wing. Wing AC and aircraft CG are A7
assumed to coincide so that the wing does not contribute to the
pitching moment. Pitch damping of the wing is neglected. The
effect of downwash lag on the tail is neglected, in other words
the equations dﬁ not include a rate of angle of attack term.
The downwash itself on the tail is considered by a 50% reduction

in tail 1lift slope.
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Rather than formulating the problem first for the non~-linear

case on the basis of the equations in the preceding section,
and then performing the linearization, we will proceed here by
first writing the linear equations in a spacé-fixed reference
system and then transforming to a body fixed system. The
equations are first written for straight blades and have been
used in this form for the numerical examples at .4 rotor ad-
vance ratio. First mode blade flexibility and reversed flow
have been used for the numerical examples at .8 advance ratio.
Three blades have been assumed throughout. The moment of tﬁe
rotor horizontal forces with respect fo the aircpraft é;g. ha;e

been neglected as compared te the blade root moments. In con-

trast to the equations of the precediﬁg section, non-dimensional

quantities are used from now on without changing the symbols.

Flapping Equation

F o+ (vt B+ L /20K + 118 +1 (P2-1)(Bycray)

-0 Sp/Ip = a3 m31(¢k) toarg mgII(wk) + ;ﬁﬁ(¢k)

Body Equations

ag - “IMﬂI -~ ath

oy (Pg-l)(b/2)(IbIIy)(EI - ag)

)
=]
—
o
=
—
T
.
H
i
il

(P2-1)(b/2)(I/T1x B ; - agy)

:Zh

This system of equations includes 11 state variables, 6 for the

rotor, 5 for the body (aI, &I, Gy &ypo w). - Performing a

(18)

(19)
(20)

(21)
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Floquet type of stability analysis with this system, one finds
two of the characteristic values of the state transition matrix
to be zero. When transforming to body axes we have only 9 state

variables. The transformation to body axes is defined by

Ek = By t+ @y cos Wy + Ggg sin Yy

(22)
':‘=W+UGI, ;=ﬁ-uq, a-I:-Ql &II=—p
The transfa;med equations read o Lo R
Flapping Equation
ae 20 L [
By + P8, - q cosyy - p sinyx + 2(g sinyy - p cosyy)
+ (y/2)(C(¥x)I[By-geosPr-psiny] + (y/2)K(dy )By
.
- (w-ugl)Sy/Iy = wmyu(yy) : (23)
Body Equations
& -aMq - (w/wdM == (PE-1)(b/2)(1,/1)8; (24)
p oL, ==(P2-1)(b/2)(1y/1, TByT (25)
(26)

w-qu-w2w“q2q=zh

The flapping equation can be written in the 3 multiblade coordi-
nates BI, BII’ Bo which results in 3 separate eguations. The

rotor Z force can also bé expressed in these multiblade coordinates.
The 9 state variables are then B, éI’ Byt éII’ Bos éo, Qs P> ¥-
The corresponding equations including blade flap-bending according
to the first mode can be derived with the methods of Reference

1. One obtains



Flapping Zguation
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The angle B is here the slope of the line from rotor center to
blade tip. Including rotor feedback and control inputs we have

for the multiblade pitch

8y + TéI = - KP(BI cos € - Bpy sin &) + 8y coé ¢ - 511 ;in $ (36)
Brp + TéII = - Ky(Bp sin & + 877 cos €} + 8 sin ¢_+-511t$¢s ¢ (37)
By + Ty = - Ko 8o + 8o - e (38)

The time lag T will be assumed the same for all control actuaters. '

The confrol phase angle ¢ will be selected forlminimgl control
cross coupling. The propontional feedback phase aﬁglﬁ (4 wili ﬁe‘
selected for minimal change in leongitudinal control senéitivity
be?weén advance ratio 0 and .6. Three types of feedback system

will be studied in mumerical exampiles.

Ke # 0, Kp‘: 3 Coning Feedback - 0 (39)
Ko = 0, Kp”¢ ] Proportional Feedback - {(40)
Ko = Kp . Combined Feedback - ~ (u1)

The systems were selected such that they could he designéd in a
purely mechanicai way, wiereby the irlﬁuts To the control ac-

tuatgrs are assumed to be proportional te Bp, 511, Bo. In



.
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case of electronic sensors shaping fiiters could be used and a

much greater variety of feedback systems would be possibile.
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The Uselof Rotor Feedback to Minimize Control C?oss Coupliﬂg

There are two types of control cross coupling: First the
cross coupling due to a direct control input'which is the
effect of controcl applications on the fixed fuselage, gsecond
the cross coupling due to fuselage éngular rates,iwhich is
also called damping Cross damping. The stiffer the‘blades of
a hingeless rotor the smaller the time between.qpplication of
a cyclic control and the asymptotic angular rate response.
The pilot will then hardly notice the difference between the
two types of cross coupling in flight. A longitudinal control
input will résult in an angular paﬁe in pitch and rell Which.
{s determined both by the direct control cross COupling and
by the damping cross coupling. |

For an articulated rotor with central hinges the blade
flapping natural frequency coincides with the frequencf of
rotor revolution. If ecyclic control is phased such that
maximum longitudinal cyclic pitch occurs at 90° agimuth angle,
no direct control cross coupling will cccur, however, there
will be a damping cross coupling, since for example angular
pitch up velocity produces not only down tilting from gyro-
scopic momenté but also left tilting from air moments. Sihce
both left and right banked turns involve a piteh up rate, the
rotor tilts ieft in both types of turns leading to the well
known differences in lateral control requirements for left and

right turns.
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As the blade flapping frequency increases by either the
use of delta three coupling or of off-set hinges or of in-
creasing flap-bending stiffness of hingeless blades, thé
azimuth for maximum flapping in response to cyclic control
input or to angular rates is rotated opposite to the direction
of rotor rotation. The cross damping first disappears and
then assumes the opposite sign, whereby a pitch-up rate
produces a right tilt. A useful visualization of these
relations in the torm of complex coordinates has been given
in Reference 11, The control phase angle can be adjusted to
compensate for the cross-coupled response both from direct
control effects and from the angular rate eftects, provided
the cross coupling remains approximately constant over the
fiight speed regime and provided the cross-coupling response
for pitch—roll'is the same as for roli-pitch. Without rotor
feedback neither of these two requirements are satisfied and a
comprgmise controcl phase angle is the more difficult to
establish the higher the blade flapping frequeucy. As will be
shown, certain rotcr feedback systems go a long way toward
satisfying the two requirements, so that smali control cross
coupling values can he ohtained for all u with the proper
control phasing.

We will first consider the direct control responses with
fixed hub, then loouk at reter responses to pitch and rell
rates, and finally present a few gxamples oi dynamic responses

with the body free te piten and roil and heave but restrained



otherwise. The two sample rotors have 3 blades and a Lock
number of 5. For the constant thickness blade the flap-
bending frequency is 1.21, for the tapered thickness blade it
is 1.47, same as in Reference 1. The gains Ky and Ky in the
feedback Equs. (36) to (38) have been varied from 0 to 1.5, the
feedback phase angle & from 30° to 30°, and the lag time Tt

from 0 to 1.0. For a rotor operating with 4 rps a value of

r = 1.0 represenﬁs a real time lag of l/4%.2w = 1/25 second,
which is a realistic value for a modern hydraulic-actuator.

A survey of effects of feedback phase angie not shown
here has indicated that from a stability point of view a
value of € = 60° is close to optimum for 1 = 0 to 1.0. This
value has been selected for the‘numerical examples. The
stability resuifs to be discussed in a later section show
that feedback gains of 1.5 can lead to instability. We nave,
therefore limited the control cross coupling study teo a gaiﬁ
of Ky = Ké = 1. The systems will be shown in the sequence: No
feedbabk, coning feedback, proportional Feedback, combined
feedback,

Figs. 3a to 3d show for the uniform blade the cyclic
control power of the 4 systems vs. control phase angle ¢,
whereby ¢ = C applieg to the articulated blade. The signifif
cance of the contrel phase angle $ <an be seen from Cgs. (386)
and (37). The 3 curves in each figure correspond to advance
ratjos u = 0, .4, .8. The upper and lower graphs repregent

control power in terms of rotor tilt angles per unit cgyclic



pitch, the middle graphs represent control ¢ross coupling power.
Fig. 3a without feedback shows large variations ¢f leongitu-
dinal control power with u and large control cross coupling
changes with uw. There is no ¢ value where the quss coupling
could be compensated for all u. TFig. 3b with coning feed-
back indicates a considerable improvement. A value of Q = 30°
would result in reasonably low cross-coupling. Fig. 3c with
proportionql feedback shows still further improvement with

¢ = 45° being now a good choice. Fig. 3d, combiped feedback?
also gives at ¢ = u5°® almost no cross coupling and almost

no longitudinal éensitivity change betwéen p = 0 and n = .8,
Figs., ua to ud for the tapered Rlade shcw the same trend,
except that the resuits are not guite as good. The optimum
control phase angle is for all cases about ¢ = #5°,

Table 3 gives further insights into the cross coupling
effects of the 4 systems at u = 0, .4, .8, The table shows
the effects of thfee inputs: collective control 8,5, roll rate
p and pitch rate q on the roteor coning B,, on forward longi-
tudinal tilt By and left lateral tilt BiI for the uniferm
blade and for the tapered blade. Without feedback we have q
large increase in collective pitch control sensitivity with
and a large pitch—up moment with collective pitch increase.
Both undesirable.characteristics are strongly alleviated with
rotor feedback, the combined feedback having the best results.

The effects of roll and pitch rate p and g on coning are
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Table

3

Cross Coupling Effects

Uniform
Blade
-

K Bosg, |B1/s, Pllss, Borp | B1/p Bii/p B°/qm F1/q Bri/q
Ko = 0 L4 2u 0 a 0 1.254 2.869 0 2.869 ~-1.254
Kp = 0 .528 [-.968 .375 .070 | 1.17¢ 2,623 J-.119 [3.166 -1.282
.8 | .933 [-2.757 | .630 .131 | .84l |2.1u9 |-.,393 [4.192 |-1.233
Ko = 1 . 298 0 0 ) 1.254 2.8F4 0 2.863 |-1.254
Kp = 0 LU SYU5 1-.623 i .2u5 046 | 1,215 2.606 |[-.078 [3.091 -1.253
.8 | .u83 |-1.u28 ! . 226 0g | 1.028  |2.306 [-.208 13.631 |-1.111

Ko = 0 424 o Lo 0 LGB0 (1.483 [0 |l.uu3  [-.940

i N
Kp = 1 | .4 L8407 [-.u06 ;.269 -.070 .9u4d 1.300 | .280 |1.321 }-.810
€ = 60° .8 | .393 [-.736  ,us2 |-.086 | .886 |1.040 | .u74 11.0%0 }-.813
;
Kg = 1 . 298 3 0 0 L0940 1.543 1.443 -, 940
Kp = 1 LU .289 |-.288 | .11 (-.050 L9248 1.323 L1722 |1.401 |-.983
e = 60° .8 | ,282 |-.s579 ;.317 |-.062 | .saso |l.067 | .30 |1.291 |=-.963
i - : k. e
Tagered
Blade _

K Bo/da| Br/6s Pr1/se | Bo/p | Bl/p B1e/p |Bosq  |B1/q B11/4q

Kg = O LH12 0 0 G 1.029 1.430 o L.430 |-1.029
Kp = 0 L4 .516 i-.622 Ty LG22 11,203 |1l.ss9 ]-.124 }1.753 |-1.266
.925 1~1.,95% B30 03y | 1.082 1,202 |-.385 (2.502 -1.344

Ko = 1 .292 0 0 0 1.029  |1.530 0 1.430 -1.029
Kp = 0 b L340 -, u11 . 293 LELH 1.2 1.443 (-.082 |1.702 -1.230
8 483 !1-1.910 460 517 | 1.116 l.l%ﬁ r.199 2.;13 -1.167

Ko = 0 412 0 0 9 L6472 LBh D .857 -.642
Kp = 1 b .41l |-.0Lh L2681 ~.0725% LTED L8591, 170 .883 -.745
g = 60° 435 [-.517 L6533 |-.018 L6972 L7000 | .295 | .747 l-.é68
Ko = 1 .292 0 9 0 L6582 .85% ¢ .857 -. 642

Kp = 1 L L2982 l-.222 L1835 -, 0L L7755 .BEL L1290 .920 -.17177

e = 60°].8 .303  —.u30 L3072 L0113 L5835 L0 L2068 B4 (=.T757
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relatively small and probably not bothersome. The cross
damping terms are large in all cases and‘not much affected
by the feedback systems, except that they equalize 8;/p and
Byr/q over the advance ratio range, so that a single‘cqntrol
phase angle would be effective.f A control phase angie of
¢ = us° Qould approximafelyVCOmpensate for the dampiﬁg cross
coupling,‘at least for the rotor alone‘without body‘damping;
A confirmation can be seen in Figs. 5 and 6 which show fof
cémbined feedback at advance ratio .8 the dynamic respbnse to
a longitudinal and lateral step control input using ¢ = 45°.
Lateral stick input produces within a few rotor revolutions
steady rate of:roll-and negligible chaﬁges in.q and w.
Longitudinal stick input produces negligible rate of roll and
a rapidly decreasing w. Note that the charts are.for.a
forward step control input, leading to negative w, and for a
left lateral stick input leading'to ﬁegative P

The coning angle becomes negative for the forward contfol
inpuf and positive for the left controi inpgt. The tilt B8;
becomes positive (forward) for forward control input, the tilt
1y becomes positive (left) for left control input. The
lateral tilt is asymptotically zero both for forward and left
control inputs,'indicating in the first case absence of
cross coupling and in the second case on asymptotically constant
rate. The type of response ig the same for both the rotor

with uniform and with tapered blades. It is quite remarkable
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that a single very stiff rotor can be made to have very good
flying qualities as far as control cross coupling and uniform
control sensitivity over a wide advance ratio range are con-
cerned. Both direct control cross coupling and cross damping
can be effectively compensated by a u45° control phase angle if
the combined gyroless rotor feedback system with gains of unity
is used.

The responses were computed with Egqs. (27) to (34%). The
blade parameters are determined from the blade characteristics
defined in Reference 1. The body derivatives were determined
for a wing of 6% rotor disk area .5 span over rotor diameter
ratio, 4.5 lift slope and for a horizontal tail with 1.2 R
moment arm, 1.5% rotor disk area and a 1.8 1lift slope including
downwash effects. The assumed moment of inertia ratios are

Ix/1p = 5, Iy/Ip = 75, R?mp/Ix = .60
while the assumed mass fatio is mp/m = .02, With these values

one obtains the body derivatives

Lp = -.0200 from wing
Mg = =-.0075 from tail
Mw = -.00863 from tail
Zw = -.0262 from wing
Zw = -.,0026 from tail
Zq = -.0031 from tail

The right hand sides of the body Egqs. (30) to (32) depend,

according to Egs. (33) to (35} in a complicated way on flapping
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éngles and their derivatives, on pitch and roll rates and ac-
celerations, on flap bending mode shape and on inflow and
tangential velocities,

The integrals in Eqs. (33) to (35) have for unit blade

mass the values

gnlferm Slade Tapered Blade
fl mdx 1.200 Lu5E
o
flmx'*?dx L3323 LGB
O .
1 . - .
Io mndx LH1G 067
1 ‘
f = mn2ax _ 7B .033
‘ i
1
J; mxndx . 296 LOuH3

Note that tie dynami:c response han not been determined as

frequently done by usin otor derivatives, Lgs. (&) and (58),

el
3

but that instead the complete first fiap-bending mode rotor dy-
namics according to Eqs. (33) to (33) was used. It is planned
for a subsequent study to find cut, in what respect response
data as those shown In Figs. 5 and & a2nd stability data to be

shown later are affected by the conventionai rotor derivative

approach as compared to the full rotsr dynamics approach used here,



Stability With Fixed' Hub :

The higher freqﬁency rotor modes are not‘much_affected by

body motions. We, tgerefore, first present stabiliég charts
‘ |-

for the fixed hub case involving onlyfrotor modes.ﬁ In addition
to these modes, the rotor-body system has long period or aperi-
odic modes which will be presented in separate charts with a
lafger scale. |

The analysis derives the Floguet state transition matrix
in the multiblade coordinate form ahd.then extracts the charac-
teristic values. The ambivalence in assigning frequency values
is overcome in fhe same way as in the earlier work by the authors
by using essentially only the positi#e freguency region to
show all characteristic values, Since we have here 3 bladed
rotors, the characteristic values could be moved up or down by
a frequency of 3. For advance ratio y = .4 a straight blade
was assumed and Egqs. (23) to (26) used. Tor advance ratio .8
flexdible blades were assumed and Egs. (27) to (34) used including
reverse flow effects. Only the combined feedback case with
feedback phase‘angle € = 60° is shown which proved to be best
from a point of view of minimizing control cross coupling effects.
In Figs. 7 to }b the solid curves refer to the fixed hub coﬁ—
ditions, the dash curves refer to thé coupled rotor-body modes
discussed in tﬁe next section. Figs. 7a and 7b give for uniform
blade the charécteristic values for an aétuator-lag of t = .5

at advance ratios .4 and .8 respectively. The gain factor is
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increased in steps, using Kp=Kg = 0, .5, 1.0, 1.5. The
rotor is almost unstable for a gain of 1.5, whereby the sta-
bility margin is slightly less at w = .8. Figs. 8a and 8b
valid for u = .4 and .8 respectively, give again for the
uniform blade the effécts of the actuator lag time T on the
characteristic values. K, = KP = 1.0 is assumed and T is
‘varied from 0 to 1.0, While for y = .4, Fig. 8a, the values
T = 0 and 1.0 show higher stability margin than tv = .5, at

u = .B Fig. 8b shows that 7 = 1 gives a lower stability margin.
Increasing.the actuator lag time further, will most likely
lead to instabiiity. Figs. 9 and 10 show the corresponding
characteristic values for the tapered blade. The stability

margins for the same K, = K, values are now somewhat larger.

P
It should be noted again that flapping angles are defined:by
the slope of the line from the rotor center to the blade tip.
For the stiffer blade a given flapping angle corresponds to a
larger.blade root moment. The feedbacﬁ gain is here defined
as blade pitch éngle change per unit fiapping angle changé,
not per unit bléde root moment. Figs.‘lOa and 1l0b show the
effect of the aétuator lag time t. For u = .4 the increase

from t = .5 to 1.0 has a stabilizing effect, while for u = .8

the same increase is strongly destabilizing.
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Stability Including Body Motions

The stability of the rotor-body system where the body is
free to pitch and roll and heave but otherwise restrained has
been studied for the two rotors and for the body with the cha-
ractgristics described before; It was found that_at .8 ad;
vance ratio stability couid not be échievéd with any one of
the feedback systems alone without a horizontal tail. On the
other hand, stability coula not be achieved with a horizontal
tail alone without a rotor feedback system, even if much
larger tail sizes than 1.5% rotor disk were used. 1In combinatioﬁ
with a rotor faedbaék system the addition of a horizontal tail
first brought large improvements in stability, but increasing
the tail size beyond 1.5% rotor disk area was found to be in-
effaective, | |

Figs. 11 to lulshow the stability charts for the rotor-
body system for the ﬁniform blades and for the tapered blades.
The combined feedback system in conjunctioh with the 1.5%
horizontal tail is &ésumed. Oniy the characteristic values
for long period and aperiodic modes are shown in Figs, 11 to
13, The characterisfic values for the short period modes are
given in Figs. 7 to-lo in dash ljines. Where the dagh liné
v

coincides with a solid line, the;fharacteristic values are the

same as for fixed huﬁ. *
Figs. lla and 11b show the case of t = .5 for uniform

blades and varying Ko = KP. The feedback ﬁhase angle is again

€ = 60° throughout. For zero feedback we have a divergence
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which can be shown to be essentially im pitch. K = Kp = l.0
is a stable case both for u =z .4 and'u = .8, Increasing the
gain reduces the stability margins at u = .8 not only for the
long period mode of Fig. 11b but also‘for the short pericd
mode of Fig. 7b.

Figs. 12a and 12b show the effect of the actuator lag time
T on the rotor-body system for K, = Kp = 1.0, There is little
effect on the long period or aperiodic modes. Figs. 13 and 14
show the corresponding conditions for the tapered blade. At
u = .4 the stability margin is even for Kg = Kp = 1 quite
small‘and becomes larger at u = .B. The‘effect of actuator

lag time t is smail.
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Examples of Turbulence Response

The turbulence response analysis was performed for an ad-
vance ratio of w = .8 using the methos of Reference 12. The
ratio of turbulence scale length over rotor radius is 12. The
excitation is feor a‘standard deviation of the vertical inflow
variable o, = 1. The turbulence analysis even for the sim-
plifying assumption of uniform A over the rotor disk, becomes
quite demanding of computer time for a high order system, In
our case of the rotor-body system in body fixed coordinates
and with fhe combined feedback we have 13 state variables: Bo,
Bos BI’-éI! BIrs éII’ Ps Qs Wy A, 85, 87, 0y resulting in a
13°'x 13 covariance matrix, which has been determined for &4
cases: uniform blade with no feedback and with combined feed-
back; tapered biade with no feedback and with combined feed-~
back. The 6% of rotor disk area wing and the 1.5% horizontal
‘tall were presgnt for all 4 cases. In Figs. 15 and 16 a few of
the diagonal terms of the covariance matrix are presented. The
random excitation starts at time t = 0. Approximately steady
state is reached‘at t = 26 or after about 4 rotor revolutions.
In each Figure éurves for zero feedback and for feedback with
Ko = Kp = l.O,.é = 60°, T = .5 are shown.

For uniforﬁ blades, Fig. 15, the roll rate standard devia-
tion is little affected by the feedback, while the pitch rate

standard deviation is asymptotically much reduced, same as the

coning angle standard deviation. The side tilt standard deviation
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is 1little affected by the feedback, however the longitudinal
tilt standard deviation is very much feduced. As can be seen
from the relative magnitudes, the longitudinal random flapping
angles are without feedback much larger than the lateral and
coning values, s¢ that Blade loads willrbe mainly determined
from longitudinal tiltihg. With feedback Ogo* 9g1 and OgII
have about the same value, indicating much reduced random blade
‘loads.

For the tapered blade, Fig. 16, the pitch rate standard
deviation is not much affected by the feedback system, while
the roll rate éfandard deviation is much reduced by feedback.
All blade variabie standard deviations, ogg,, GgrI» OgI are
very much reducéd by the feedback system, so that large re-

ductions in blade loads will occur.
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Conclusions

Four flight dynamics problems of hingeless rotors increase
in severely with increasing blade flap-bending stiffness and
with increasing advance ratio:

1) Longitudinal control sensitivity

2) Contrél and damping cross coupl;ng

3) Pitch divergence

4) Gust sensitivity
Three gyroiess full authority rotor feedback systems with flapping
inputs to the control actuators were studied with respect to
their effectiveness in alleviating problems 1 and 2. Coning
feedback, propoftional tilting feedback and a combined feedback
were all found éffective, the last one giving best resﬁlts.

This best system was further studied with fespect to alleviating
problems 3 and 4 and was found effective. The following detéil
conclusions have éeen obtained assuming two very differént

blade designs, oné with uniform thickness and 1l.21 blade’flap-
bendiné frequeﬂcy, the other with tépered thickness and 1l.47
blade flap-bending frequency. Both blades have a Lock number of
5. - Both rotors have 3 blades.

*For both rotors control and damping ¢ross coupling could

be largely removed and control sensitivity made uniform-

between 0 énd ;8 advance ratio with a combined rotor

feedback éjstem with 60° feedback phase angle and u45¢

control phase angle.
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*Feedback gains should be limited to about one unit of
blade pitbh angle change per unit of blade flapping
angle change (line from rotor center to blade tip) to
avoid instability.

«Actuator time lag stabilizes some configurations and

destabilizes others and is an important parameter.

*Random rotor loads and body motions are greatly reduced

by the combined rotor feedback system.
Fﬁrther studies should establish in what respect coning feed-
back alone, or. possibly a vertical acceleration feedback into
colléctive pitch, and proportional feedback alone can achieve
results which m;y_be still acceptable though not as good as the
results shown fﬁr the combined feedback system. Other than 3
biadeé rotors should be treated.

‘%hough thé:tbends established by the study are believed to
be correct, the detail results are affected by a number of
simplifications“which should be removed in future work, such as
the uéiform forﬁard velocity, the restraints in lateral motion
and yaw, the neglect of horizontal rotor forces and other
simplifications: Of interest are also the effects of the
rotor feedback systems on curved flight dynamics and on g—loéds

per unit control deflection.
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Effect of Second Flap-bending Mode Ac-
cording to Reference 3.
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Rotor-Body Stability Chart, Uniform Blade
T = .

Rotor-Body Stability Chart, Uniform Blade

Ky = Kp = 1.0

Rotor-Body Stability Chart, Tapered Blade
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Rotor-Body Stability Chart, Tapered Blade
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Random Response to Vertical Turbulence,
Uniform Blade, Zero Feedback and Combined
Feedback, n = .8

Random Response to Vertical Turbulence,
Tapered Blade, Zero Feedback and Combined
Feedback, u = .8
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